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Abstract—If the pattern of fertility, mortality and interregional migration

exhibited by the United States population during 1950-60 were to con-
tinue in the future, the proportions of persons in the various age groups
and regions would fluctuate from decade to decade. These fluctuations
would become less marked with time, however, and eventually all the
proportions would stabilize at certain fixed values. This collection of
values may be called a stable age by region composition corresponding
to the given schedule of fertility, mortality and migration. The same
phenomenon may be observed when individuals move between socio-
economic categories as, for example, socioeconomic status or educational
attainment levels. The substantial differences between these various
situations conceal remarkable similarities. In each case the continued
operation of schedules of fertility, mortality and mobility between cate-
gories may result in a stable composition. The purpose of this paper is to
shed some light on the nature of these stable compositions, on the inter-
relation between their various ecomponents, and on their relation to the

patterns of fertility, mortality and mobility which generate them.

1. GENERALIZED LEsLin MATRICES

In the discrete formulation of stable
population theory the age distribution of
s population at any given time is repre-
sented by a vector whose components
give the numbers of persons in each age
group. The fertility-mortality schedule
exhibited by a population during any
given time period is represented by a
matrix whose entries describe the fer-
tility and mortality of each age group.
See Keyfitz (1968, Part 1I), for a devel-
opment of these subjects and for rei-
erences. Stable population theory may
be extended to incorporate the regional
distribution and interregional migration
schedule of & population in the following
manner. In place of a vector whose com-
ponents are numbers, one considers &
vector whose components are vectors,
each vector giving the distribution by
region of residence of persons in some

age group. In place of a matrix whose
entries are numbers, one considers a
matrix whose entries are matrices de-
seribing both the fertility and mortality
in each region and the migration be-
tween regions of each age group, This
gection elaborates on these statements
and gives definitions and notation used
in following sections.

The following identity applies to any
population closed to migration. If =z,
Za, . .. and ¥, ¥s, . . . denote the num-
bers of persons in successive n year age
groups at two points in time n years
separated, then
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where: 8) 8 (¢ = 1, 2, ...) denotes the
proportion of persons in the ith n year
age group at the beginning of the time
period who survive to the end of the
time period; b) by (s = 1, 2, ...) denotes
the number of births to the population
during the time period to females in the
ith » year age group at the beginning of
the time period divided by the number
of females in the ¢th » year age group at
the beginning of the time period; and,
¢} § is the proportion of births to the
population during the time period who
survive to the end of the time period. For
notational convenience, let =y denote
by (1 =1,2,...). This convention will
be maintained throughout this paper.
The quantity m, may be thought of as
an ‘effective’ birth rate which includes
a component for survival from birth dur-
ing a time peried to the end of the time
period,

In the event that at the beginning of
% time period a given population con-
tains no persons in some 7 year age
group, the survival and birth statistics
for this age group will be undefined by
the above definitions. There is evidently
no reason to attempt to define the birth
or death statisties in this case, however,
for in the absence of persons in the age
group one has no information on the
fertility or mortality of this age group.
The number # in the above definitions
is arbitrary so long as females aged
n years or less give no births during
the time period.

Matrices of the form appearing in 1)
may be called Leslie matrices. The defi-
nitions above are applicable to the fe-
male population only, to the male popu-
lation only, or to the total population.
In the first case the phrase “births to
the population” indicates female births,
in the second case male births, and in
the last case all births. The same re-
marks apply to the definitions which
follow.

Consider a population c¢losed to mi-
gration and divided into N regions. The
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identity 1)} may be extended as follows
to incorporate regional distributions and
interregional migration schedules of this
population. If =, s, . . . and y1, ¥z, - - -
denote N-dimensional vectors giving the
distribution by region of residence of
persons in successive n year age groups
at two points in time n years separated,
then

R/'8'B, R/S8B, -+ - ||l

2) R1 Sl 0 . * " Ta
0 R.S,
%

il

Ya

where: 8} 8;, B; ¢ = 1,2,...) and &
denote N x N diagonal matrices with
diagonal entries defined as for 1) for
each of the N regions; b) R; (1 = 1, 2,
.. .) denotes the N X N matrix whose
jkth entry denotes the proportion of
gsurvivors at the end of the time period
of persons in the ¢th n year age group
and residing in the kth region at the
beginning of the time period who reside
in the jth region at the end of
the time period; and ¢) Ry (i =
1, 2, ...} denotes the N X N ma-
trix whose jkth entry denotes the pro-
porfion of survivors at the end of the
time period of births to the population
during the time period to females in the
ith n year age group and residing in the
kth region at the beginning of the time
period who reside in the jth region at the
end of the time period.

Madtrices of the form appearing in 2)
may be called generalized Leslie ma-
Trices.

In the event that at the beginning of
a time period a given population con-
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tains no persons in some 7 year age
group and region, the corresponding
birth, survival and migration statistics
will be undefined by the above defi-
nitions. In some eases this will indicate,
just as for Leslie matrices, a lack of in-
formation on the fertility, mortality and
migration of a particular age group and
region. It may happen, however, that
when applying these definitions to vari-
ables other than region of residence,
certain combinations of categories and
age groups are logieally vacuous. For
example, if a female population is classi-
fled by parity (number of live births),
there will never be any females in the
first five year age group and of the
parity classification “three live births.”
When the combination of the ith n year
age group and the kth category is logi-
cally vacuous, one may formally define
the jkth entries (j = 1,..., N) of the
matrix B; by: the kkth entry of R, 18
unity and the jkth entry (== k) is zero.
This quite artificial convention has the
useful consequence that the matrices R,
are undefined only through lack of in-
formation and are, when defined, always
eolumn stochastic. (A matrix is column
stochastic if its various columns sum
to unity.) The latter property plays a
role in the proof of section 4 below. The
same convention may be applied to the
matrices Ry

2. ReLATION T0o MULTIREGIONAL
Matrix GrowTH QPERATORS

The pattern of nonzero entries in a
generalized Leslie matrix is quite unlike
that in Rogers’ (1968, Chapter 2) multi-
regional matrix growth operators. To
see the relation between the two, con-
gider first the identity 1) of the pre-
ceding section. The components of the
vectors in 1) give the numbers of per-
sons in the various n year age groups
in aseending order. However it is not
necessary that they be given in this
order. For example,
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are simply two different ways of writing
the same three scalar identities, namely:
Y1 = MaZ1 + MaXz + Mgy, Y2 = 110
and yz = s2%s. Note however that the
reordering of the components of the
veetors is accompanied by a ehange in
the pattern of nonzero entries of the
matrix. It is the same phenomenon that
gives rise to the different patterns of
nonzero entries in generalized Leslie
matrices and multiregional matnix
growth operators.

Since there is evidently no reason to
use any ordering of the age groups other
than ascending in 1) this notational
slight of hand is of no particular in-
terest in this case. However when age
by region distributions are to be written
as vectors the situation is quite different,
Tu this case there are two “natural” ways
to order the components, viz.: 1) by
listing the numbers of persons in sue-
cessive age groups in the first region,
followed by the numbers in successive
age groups in the second region, and =o
on (this is the ordering used by Rogers) ;
and, ii), by listing the numbers of per-
gong in each region in the first age group,
followed by the numbers in each region
in the second age group, and so
on (this is the ordering used here). The
first ordering results in the pattern of
nonzero entries exhibited by multire-
gional matrix growth operators, the sec-
ond in the pattern exhibited by general-
ized Leslie matrices, As an example of
these two orderings, compare the multire-
gional matrix growth operator in Figure
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1 of Rogers (1966) and the corresponding
generalized Leslie matrix in section 5
below.

These two orderings, then, yield two
different ways of writing the same set of
scalar equations. Sinee all that is in-
volved is a change of notation, the
distinction obviously has no direct demo-
graphie significance. However the pat-
tern of nonzero entries in generalized
Leslie matrices lends itself particularly
well te certain formal manipulations.
The results of the following two sections
depend crucially on the exploitation of
this pattern,

3. Stanre Aar BY REsion
DisTrIBUTIONS

What can be said about the successive
age by region compositions of a system
of regions (the totality of which is
closed to migration) which exhibits the
same fertility-mortality and interre-
gional migration schedule for a succes-
sion of time periods? The answer to the
analogous question for a single region
is given in the following two assertions.
If a population closed to migration ex-
hibits the Leslie matrix

"My My Mpay My
s, O
P = 0 82
- 8p—1 -

for a succession of time periods, the age
composition of this population tends
(under quite general conditions) to a
certain vector, x, called a “stable age
composition,” (For notational conve-
nience, let py denote ;8,1 .. .81 {1 =1, 2,
. ..) and put po = I. This convention
will be maintained throughout this
paper. The quantity p; may be thought
of as a cumulative survival proportion
for survival from the first n year age
group to the (i + 1)st n year age group
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for a birth cohort which exhibits the sur-
vival proportion s; as it passes from the
#th to the (1 + 1)st n year age group.)
This stable age composition vector =
has the property that, i), Pr = cx,
where ¢ is a positive number, and, ii),
x is a sealar multiple of the vector

—(n—13)
LPs—1C _

where, i), the number ¢ satisfies the
equation

& — E mipi_lc"_‘ = (J,
i=1

This section gives a generalization of
the latter result to the stable age by
region compositions corresponding to a
generalized Leslie matrix. The question
of necessary and suffieient conditions for
convergence of suecessive population
age by region compositions to a stable
composition is not considered.

Suppose there exist a number ¢ and
a vector

Ty
el
Ta

with each component an N-dimensional
vector, such that

F, F, Fy|m N
1) Gl 0 0 2 = x!
0 ¢ 0 |Jl=x T3

where the matrix is a generalized Leslie
matrix with N % N matric entries. (The
replacement of e.g., ByS’B; by F, is a
notational convenience, The specializa-
tion to the 3N X 3N case makes the de-
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rivation easier to follow.) Ii 1) holds,
then Fyty + Foxe + Faxz = cxy and, 2),

22 = 'G)1,

T3 = (C_szgl)xl
hence Fiz; + Fao((c'Gi)z)
+ F3 ((G_szG]_) Ty = Cxry, O, 3),
(IC’ - .F]_c2 - FgGlc —_ FaGgGl)xl = (,

It is easy to reverse the argument and
show that if 3) holds for some number
¢ and vector z,, then 1) holds with =,
and zy defined by 2).

The same argument yields the fol-
lowing general proposition. Let

'F, T, Fu, F.|
P = 0 Gg
i Gy

denote an arhitrary generalized Leslie
matrix with N X N matric entries, and

Ty

Ty

Ln.

denote an n-dimensional veetor whose
components are N-dimensional veetors.
For notational convenience, let @Q; de-
note the matrix GGGy ... Gy (1= 1,2,
.o — 1) and put @, = I (the identity
matrix). The matrix §; may be thought
of as describing the eumulative survival-
migration from the first to the (1 +1)st
n year age group for a birth cohort which
exhibits the survival-migration propor-
tions Gy = R;S; as it passes from the
#th to the (1 4+ 1)st n year age group.

Proposition. If x is a stable age by
region distribution corresponding to the
generelized Leslie matriz P, ie., if, 1),
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Pr = ¢z for some number c, then, 2),
x 15 a scalar multiple of the vector

— -

I
(Qlc_i)xl
(ch_z)xx

_(Q..wlc'-“"”)wl_

where, 3), the number ¢ and the vector
zy salisfy the equation

(Ic' - Z F.‘Q;—;C‘_‘)x" = 0.

=1

Conversely, if x, and ¢ satisfy 3), then
the vector x given by 2) satisfies 1).

4. Casm or No DIFFERENTIAL
FeERTILITY-MORTALITY

This section deals with the special case
of a system of regions (the totality of
which is closed to migration) which ex-
hibit identical fertility-mortality sched-
ules {cf. Rogers, 1968, Chapter 3). For
some actual systems of regions, this sit-
uation may obtain, for practical pur-
poses, exactly. For others it may serve
as a useful first approximation. If there
is no differential fertility-mortality be-
tween regions, it seems reasonable to ex-
pect that no wvariation in pattern or
volume of interregional migration will
have any effeet of the rate of increase
intrinsic to the fertility-mortality-mi-
gration schedule. This is indeed the case.
Moreover the following stronger result
holds: every characteristic value of the
generalized Leslie matrix deseribing a
system of regions each of which exhibits
the same fertility-mortality schedule is
a characteristic value of the Leslie ma-
trix deseribing the {fertility-mortality
gehedule eommon to the regions, and
conversely. This section gives a precise
statement, and proof of these assertions.

A generalized Leslie matrix
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AN 0
0 E.8,

will be said to exhibit no differential fer-
tility-mortality by region i there exist
numbers &, b; and s” such that 8; = Is,,
By =Ibjand 8 =T (1 =1,2,...).
As in the preceding section the
3N X 3N case is considered, the result
extending trivially to the general case.
Let M and m denote the matrices

erm]_ Rz’mg Ra'ma
R.s 0 0
0 R.s, 0

my mgq ms
and 5 0 0O

] 83 0

respectively. The generalized Leslie ma-
trix M exhibits no differential fertility-
mortality by region. It will be shown
that every characteristic value of the
matrix M is a charaecteristic value of
the matrix m and conversely.

Suppose first that ¢ is a characteristic
value of M, ie,, that for some nonzero
vector &, Mz = cx. Then by the prop-
osition of the preceding section there
exists an N-dimensional veetor z; such
that

) Iz) — mpRS )
— mszC(RQ’Rlxl)

— mapa(By RaRyzy) = 0,

and z; may be chosen so that its com-
ponents sum to unity. Since the matrices
in 1) are all column stochastie, the com-
ponents of each of the vectors enclosed
in parentheses in 1} sum to unity. Con-
sequently if the ¥ scalar equations in 1)
are added the result is the single scalar
equation € — mypyc? — Mepie — Migps
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= 0, which shows that ¢ iz a character-
istic value of the matrix m.

Suppose now that ¢ is a character-
istic value of the matrix m. Since the
matrices in 1} are all column stochastic,
the row vector obtained by summing the
rows of the matrix

C = I — mp,R,’

— mgp, /R,

- ma'szs’Ran
has each component equal to ¢ — mpoc?
—MoP1e — MgPe. But since ¢ is a char-
acteristic value of m, this quantity is
rero, hence the matrix € is singular. It
follows that there exists an N-dimen-
sional vector x; %% 0 such that Cz; = 0,
and henece by the proposition of the pre-

ceding section ¢ is a characteristic value
of the matrix M.

5. NumEericAL [LLUSTRATION

It is often useful to see how an ab-
gtract proposition manifests itself in a
numerical example, With this in mind
the proposition of section 3 above ig ap-
plied here to the computation of a stable
age by region composition corresponding
to the generalized Leslie matrix

F, F,---Fy F,|
G, 0 -

6 G,

" Gy _

whose matric entries are given in Table
1. These entries were estimated by Rog-
ers (1966) to represent the fertility, mor-
tality and interrcgional migration ex-
perience during 1950-60 of the United
States population aged less than 80 years
in 1950, The regions considered are
“California” and “the rest of the United
States.” International migration into and
out of the United States is ignored, as
is the migration of persons born to the
population during the period. The choice
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TapLe 1—Estimated Matrix Entries of a Generalized Leslie Matrix for the United States
Population: California and the Rest of the United States, First Nine Ten Year Age

Groups, 1950-60

L8731 .0279 [.6905 .0300 [0.3375 0
Gl = . Gs = F2 -

.1682 .9903 | 0988 .9176 i 0 0.2257

.9228 .0399 [.7938 .0145 [1.1861 0
G, = Gg = Fy =

.1503 ,9523 | 0670 .B499 | © 0.9746

.7821  ,0450 ",6288 .0137 "0.4789 0
G3 = GT = F4 e

.2536 .9843 | L0583 .7171 L ¢ 0.4252

.7891 .0316 [[-3540 .0126 [0.0424 )
G4 = Ga = Fs = .

.1565 ,9594 | .0560 .3921 | 0o 0.0364

Fj = Fg =F, = Fg =Fy =0

Source: Rogers, 1966, Figure 1, p. 542,

of this particular matrix has two ad-
vantages. First, it is simple, so the ex-
ample does not become bogged down
in 8 mass of numbers. Second, a stable
age by region distribution corresponding
to this matrix has been computed by
Rogers (1966, Table 1, Column 5, Sta-
bility, interregional age structure) using
an iterative procedure. Consequently the
result obtained here by the application of
the proposition of section 3 above may
be compared to an independent compu-
tation,

The computation proceeds in several
steps.

a) By 2 of the proposition, stable age
by region distributions corresponding to
the above generalized Leslie matrix are
of the form

z
(G Nz

2 (Gzel-c*)x

L.(GEGT e G1C_8)$_j

where z is a certain vector (2-dimen-
sional in this case, corresponding to the
two regions considered), and ¢ a certain
number.

b} Hence if the vector & and the num-
ber ¢ are known, the corresponding
stable age by region distribution, 2, can
be computed recursively as follows:

x
¢ (Gur) = (Gic D
(GG ) = (GG D

¢) SBuppose now that the number ¢
is known, but that the vector z is un-
known. By 3 of the proposition the vec-
tor z satisfies the matrie equation

(Ic"’ - ZH: F‘Q,-_lc“")x

=3

3) 0.
Since ¢ is known the numerical entries
of the matrix in parentheses here can be
computed and 3 becomes a homogeneous
system
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3 oty + Gty =0

Gn®s + Gaztz = 0
of two linear equations in two unknowns,
where a; {3, ] = 1, 2) denotes the ijth
entry of the matrix in parentheses in 3
and z; (j = 1, 2) denotes the jth entry
of the vector = in 3.

d) There remaing the problem of ob-
taining the number c¢. For the purposes
of this example, I simply assume the
value of ¢ known to he 1.2230. The sys-
tem 8’ of linear equations then works
out to be

0.35362’1 —_ 0.1923.’52 =0

—0.7714x, 4 0.41932; = 0

of which one solution is z; = 0.3523,
2, = 0.6477. The computation described
in b) above yields

[ .352300]]

* = | 847700

o [.266283]
@)z = | "er0914 |
_ 219611
@G ™)z = | 478809 |

TasLe 2—A Stable Age by Region Com-

position Corresponding to the Generalized

Leslie Matrix Given in Table 1 (proportion
of persons in each age group and region)

Region

Rest of the

Age group California United States
0 -9 .0802 .1475

10 - 19 L0606 .1305

20 - 29 L0500 .1091

30 - 39 .0360 0981

40 -~ 49 .0258 .0816

50 ~ 59 .0165 .0633

60 - 69 .0115 L0449

70 - 79 .0064 .0269

80 - 89 .0021 .0088

Note: See section 5 for explanation.
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and so on. {Two extra digits have been
carried to reduce the effect of accumu-
lating rounding errors.) When the 18-
dimensional vector so obtained is nor-
malized, the result is the stable age by
region eomposition given in Table 2.

The stable age by region distribution
given in Table 2 may be checked di-
rectly by: i) premultiplying the stable
composition vector by the generalized
Leslie matrix given in Table 1; ii) mul-
tiplying the stable composition wvector
by 1.2230; and iii) comparing the two
results, which should be equal. The dif-
ferences are at most plus or minus one
unit in the fourth decimal place. The
differences between the results in Table
2 and the results given by Rogers (1966)
are as high as six units in the fourth
decimal place. This discrepancy, which
from a praetical point of view is not
large, can probably be explained by the
different behaviour of rounding errors in
the two methods.
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